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ABSTRACT

Let G be a simple, fihite, and connected graph. An ordered set of vertices of a nontrivial connected
graph G is W = {wy,w,, w3, ...,w;} and the k-vector r(v|W) =gfd (v, w,), d(v,w,), ..., d(v,w}))
represent vertex v that respect to W, where v € G and d(v,w;) is the distance between vertex v
and w; for 1 <i < k. The set W called a resolving Bt for G if different vertex of G have different
representations that respect to W. The minimum cardinality of resolving set of G is the metric
dimension of G, denoted by dim(G). In this paper, we give the local metric dimension of some
operation graphs such as joint graph B, + C,,,, amalgamation of parachute, amalgamation of fan,
and shack(H3,e,m).

Keywords: metric dimension, resolving set, operation graphs.

INTRODUCTION

All graphs in this paper are simple, finite and connected, for basic definition of
graph we can see in Chartrand [1]@Chartrand [2] define the length of a shdfffest path
between two vertices u and v is the distance d (u, v) between two vertices in a connected
@mph G. An ordered set of vertices of a nontrivial connected graph G is W =
{wy, wp, w3, ..., w; } and the fggvector r(v|W) = (d(v,wy),d(v,wy), ..., d(v,w;)) represent
vertex v that respect to W. The set W called a resolving set for G if different vertex of ¢
have different representations that respect to W. The minimum of cardinality of resolving
set of G is the metric dimension of G, denoted by dim(G) [3].

There are many articles explained about metric dimension such as [2], [4], [5], [6],
and [7]. [8] defined a shackle graphs shack(G, G,, ..., G)) constructed by nontrivial
connected graphs Gy, Gy, ..., Gy such that G; and G; have no a common vertex for every
i,j € [1,k] with |i — j| = 2, and for every | € [1,k — 1], G; and G4, share exactly one
common vertex (called linkage vertex) and the k — 1 linking vertices are all different. [9]
defined an amalgamation of graphs constructed from isomorphic connected graphs H and
the choice of the vertex v; as a terminal is irrelevant. For any k positive integer, we denote
such an amalgamation by amal(H, k), where k denotes the number of copies of H.
Proposition 1. [2] Let G be a connected graph or order ) = 2, then the following hold:

a. dim(G) = 1ifand only ifgraph G is a gyth graph
b. dim(G) =n — 1 ifand only ifgraph G is a complete graph
¢. Forn=3,dim(C,) =2
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d. Forn > 4,dim(G) =n—2ifandonly ifG = K, 4 (p,q = 1),G =
K, +K;(p=1,q=2).

RESULTS AND DISCUSSION
Theorem 2.1. For n = 2 and m = 7, the metric dimension of joint graph B, + C, is
dim(P, + ) = 3] + [

Proof. The joint of path aiff] cycle graph, denoted by F, + C,, is a connected graph with
vertex set V(P, + Cy,) = {xj; 1<j=< n} U{y; 1 <1<m} and edge set E(B, + Cp) =
gy gEj<sn1<ismiu{gx.; 1<jsn—1U{yyu; 1sism—-13u
{¥n¥1}. The cardinality of vertex set and edge set, respectively are |V(F, + C,)| = n +
mand |E(P, + Cp)| = n(m+ 1) + m.

If we show that dim(B, + C,;) = E] + |_mz_ll forn = 2 dan m = 7, then we will

show the lower bound namely dim(B, + Cp,) = E] + mT_lJ — 1. Assume that dim(P, +

Cp) < B] + lmT_IJ This can be shown with take resolving set W = {x;, v, Vs} so thatit

obtained the representation of the vertices x,y € V (P, + C;) respect to W.
It can be seen that there is at least two vertices in B, + C,, which have the same
representation respect to W, one of them is r(y,|W) = (1,2,1) and r(y,|W) =(1,2,1)

such that we have the cardinality of resolving set of dim(B, + C,) = IEI + mz_ll.

m=1

with determine the

Furthermore, we will prove that dim(P, + Cp,) < [n] + |_

resolving set W—{ ; 15}32[—] tEodd} {yi, 1<1<2

n ‘l.
bave the cardinality of resolving set of B, + C,,; namely |W| = —|3—| +—3— [HJ lm 1]
The representation of the vertices y € F, and x € F, respectto W as follows

r(xw) = {(au) 1<j<n1<ic< ([3] + 1) + (lmT_lD} where

Im—lJ; JjE add} So, we

Ufc’r‘_—141<nondd
dhi= 1; for (H+1)<;<(H+1) (lm_‘ll) 1<j<n
°”“2<J‘<nJEevenom——+12<;<n}59ven

2; fori,j = otherwise
ronW) ={(a;); 1<j<m1<i<([2]+1)+(|Z2])}, where
(0; fori=([2]) + 2L 1<j<m-2, € odd
Lfor1<i<([3])1sjsm-2
“U‘:*ori=([5])+iz<j£m.jeeven
ort—([n])+”1+1,2 <j<mjEeven

\2; for i,j = otherwise

It can be seen that every vertex in P, + C,,, have distinct representation respect to
W, such that the cardinality of resolvng setin P, + C,, is E] + lm7_1] ordim(F,) < B] +
ImT_l . Thus, we conclude that dim(P, + C;;,) = E] + lmz_ll forn=2andm=7. m
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Fig 1. The Metric Dimension of Joint Graph Py + Cy.

Theorem 2.2. For n =7, the metric dimension of amalgamation of parachute
amal (PCy,v,m) is dim(amal(PCy;,v = A,m)) = 6Tm.
Proof. The amalgamation of parasut graph, denoted by amal(PC;,v, m) is a connected
graph with vertex set V(amal(PC},v, m)) = {x{; 1<i<7;1<j< m] Lﬂyij; 1<i<
7; 1 < j <m} U {A} and edge set E(amal(PC;,v,m)) = {A x{; 1<i<7,1<j<m}ju
{(dxlpisisei<sjgmlu{y/yipilsiseisjsmiu{x]y/15js
m] U [x; y;; 1<j< m}. The cardinality of vertex set and edge set, respectively are
|V(amal(PC;,v,m))| = 14m + 1and |E(amal(PC;,v,m))| = 21m.

If we show that dim(amal(PC?,v, m)) = E'Zﬂr n = 7, then we will show the best

lower bound namely dim(amat (PCy,v, m)) = %n -1 Assume that

dim(amaI(PC;,, v, m)) < 6Tm. This can be shown with take resolving set W =
{x}, x3, xt, x?,x2,x2,x3,x3, x3,x}, x4, x2} so that it obtained the representation of the
vertices x,y € V(amal(PC;,v,m)) respect to W. It can be seen that there is at least two
vertices in amal(PC,, v, 4) which have the same representation respect to W, one of them
is r(x3|W) =(2,1,2,2,2,2,2,2,2,2,2) and r(x¢|[W) =(2,1,2,2,2,2,2,2,2,2,2) such
that we have the cardinality of resolving set of (amaI(PC;,,v, m)) = [67m :

Furthermore, we will prove that dim(amal(PC7,v,m)) < [%n] with determine the
resolving set W = {x/; 4<i<7;2<j<m; i =o0dd}U{x); 1<j<m}. So, we have
the cardinality of resolving set of amal(PC;, v, m) namely |W| = |[xf; 4<i<7,2<
jEmyi= odd] U {x{; 1=sj= m}| = Gm) +m= (6%‘) The representation of the
vertices y € (amaI(PC;r, v,m=4)) and x € (amaI(PC;r,v. m = 4)) respect to W as
follows.

r(x]|w) = {(afk): lsisnl<jsmls<ks 6%} where

. . n .
0ifork=1k=2i25is (]2).1=ism
1; fork =?,3 <i<n,i€odd

1<j<mork=545<i<7,i€odd1<j<m
2;for1<j<mk,i=other
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T(}’|W)={(am): 6sz},\a\«'here

(L fork=3j—-2,i=11<j<m
2ifork="2i=171<j<mork=3j-2,i=2
1<j<mork=3j,i=7,1<j<m

3 fork="""Yi=261<j<mork=3j-2i=3,
l1=jsmork=3j,i=61=<j<mori=1,
k#3j—2andk="""ori=7k#3jand k = "
Qe =\ 4 fork="22i=351<j<mork=3j-2i=4,

l<j<mork=3,i=51<j<mori=2

k#3j—2andk=""20ri=6k+#3jand k = 22
5; fork—6m+2i—33}0rk=#3j—2andk¢6m+2 i=3,
or k # 3j andk¢6m+2,i=5

em+2

6;fori=4andi*3jandi#3j—2andi #

It can be seen that every vertex in amal(PC;,v, m) have distinct representation
respect to W, such that the cardinality of resolvng set in amal(PC;,v,m) is GTm or

: 6 ; 6
dim(amal(PCs,v,m)) < ~ZE Thus, we conclude that dim(amal(PCy,v,m)) = —;n— [ |
2 8§ 2 g«

@ % 2 8 2 I g

o 2 ¢ 2 3 g
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Fig 2. The Metric Dimension of Amalgamation of Parachute Amal (PC,,v,3).

Theorem 2.3. For n =6, the metric dimension of amalgamation of fan graph
amal(F,,v =y,m) is:
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nm
- - 1, for nis even
dim(amal(F,v=Am) =< 05 —m
> , for nis odd

Proof. The amalgamation of fan graph, denoted by amal(F,, v = y,m) is a connected
graph with vertex set V(amaI(Fn.v =Yy, m)) {xij; I1<sisn—1,1<j< m] U
{yj; 1<j Sm} U{x}'} and edge set E(amal(F,},v = y,m)) = [xlJ xl.jﬂ: 1<isn-—
z1<jsmiu{yx/;1<isn-L1<j<mju{x)_ x5 1<j<m-1}u
{x", xMu {y;x{“; 1<j<m- 1} U {ymxn'}. The cardinality of vertex set and edge
set, respectively are |V(ama£(Fn. v=y,m))| =nm + 1and |E(ama£(Fn, v=ym))| =
m(2n — 1).

X

If we show that dim(amaI(Fn, v=y, m)) = % — 1forn = 7 and nis even, then we

will show the best lower bound namely dim(amal(Fn, v=y, m)) > ? — 1. Assume that
nm

dim(amal(ﬁl.v =y,m)) < = 1. This can be sho‘gl with take resolving set W =

{x1,x}, x}, x§,x¢,x3, %3, x¢, x{, x4} so that it obtained the representation of the vertices
vy € V(amal(Fg, v = y,4)) and xf € V(amal(E,, v = 6,4)) respect to W. It can be seen
that there is at least two vertices in amal(Fs,v =y,4) which have the same
representation respect to W, one of them is r(x3|W) = (2,2,2,2,2,2,2,2,2,2) and
r(x¢w) =(2,2,2,2,2,2,2,2,2,2) such that we have the cardinality of resolving set of
dim(amal(F,v =y,m)) > %— 1.

Furthermore, we will prove that dim(amal(ﬁl,v = y,m)) = % —1 with
determine the resolving set W = {xg; 4<ism2<j<mi= odd} —{x7}u [x{; 1<
Jj < m}. So, we have the cardinality of resolving set of amal(F,, v = y,m) namely |[W| =
n=2

|{x; 4£a’£n; lsjSm;iiseven]—{x;"}u{x{;lsjSm]|=(T)m +m—1=

(% - 1). The representation of the vertices y € F, and x € F, respect to W' as follows.
(W) = () 15 i Sng <j < m 1S k<% 1) where
0 fork=1k=2,2<i<(|f])1<cj<m

. Lfork="23<i<nic€odd1<j<m

ik = )
k="t5<is<micodd1<j<mand(k#mni#n)
2, for1<j<mk,i=others

r(y|W) = {(aik); 1<i Sn,lSkSnT_z}, where
aik={1:for15k5$,i=1

It can be seen that every vertex in amal(Fg, v,4) have distinct representation
respect to W, such that the cardinality of resolvng set in amal(F,, v,m) is %— 1or

dim(amai(ﬁ;l, v, m)) < %— 1. Thus, we conclude that dim(amaf(ﬁ;v v, m)) = % -1
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Fig 3. The Metric Dimension of Amalgamation of Fan Graph Amal(Fg, v = vy,3).

Theorem 2.4. For m =2, the metric dimension of shack(HZem) s
dim(shack(HZ,e,m)) = 2.

Proof. The shackle of fan graph, denoted by shack(HZ,e, m)is a connected graph with
vertex set V(shack(HZ,e,m)) = [xj; l<sj=m+ 1} U {yj; 1<j<m+ 1] and edge set
E(shack(H%,e,m)) = {xjyj; 1<sj=sm+ 1} U{xjyjﬂ; 1<j< n} U{xjﬂyj; 1<) <
m] The cardinality of vertex set and edge set, respectively are |V(shack(H2,e. m))| =
2m+ 2 and |E (shack(H%,e,m))| =3m + L

The proof that the lower bound of shack(HZ,e, m) is dim(shack(HZ,e, m)) = 2.
Based on Proposition 1, thatdim(G) = 1ifonly if G = P,. The graph shack(HZ, e,m) does
not isomorphic to path P, such that dim(shack(HZ,e,m)) = 2. Furthermore, we proof
that the upper bound of shack(HZ,e,m) is dim(shack(H%,e,m)) < 2, we choose the
resolvifl set W = {x;, y,}.

The representation of the vertices v € V (shack(H3,e, m)) respectto W as follows.

r(x|W) = (—1,j);j € odd r(y|w) = (.j— 1)) € odd
r(x|W) = (.j— 1);j € even r(y|w)= (—1,);j € even
Vertex v € V(shack(HZ?,e,m)) are distict. So, we have the cardinality of resolving
set W is |W| = 2. Thus, the upper bound of shack(HZ, e, m) is dim(shack(HZ,e,m)) < 2.
It concludes that dim(shack(H3,e,m)) = 2.
[
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Fig 4. The Metric Dimension of Shack(HZ, e, 3).

CONCLUSIONS

In this paper, the result show that the local metric dimension of some graph operation
such as joint graph P, + C,,, amalgamation of parachute, amalgamation of fan, and
shack(Hz,e,m).
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